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More details of the following statements are given in the paper

S.K. Stefanov, On the basic concepts of the direct simulation Monte Carlo
method, Phys. Fluids, 31 (2019) 067104

the Liouville equation can be rewritten in the form

OF, (tRC —iC. « (LR, C) + Y {[dow,;(g,,.0)[ R (LR, C;,)-Fy (LR,C) ]
i= I<i<j<N
= Kac master
oF, (t,C) 1 5 ' |
Na(t ):\71<§J_;N“9.,,[F (t.C,)-FR(tO)]do,}  equation
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A novel non-homogenous and local N-particle equation

8 trC N tr<C
+Zc ) ng;,\,”g”[ (tr(C') (tr(C)]dO'i,j}
The new limit
At — 0, Ar® —>O(V(') —>0,M —>OO), N =Z:\21N(')- bounded

IS essentially different from

At —0,Ar” 5 0,NY > o0,0,, -0, NV, -

the Boltzmann-Grad limit

Necessary condition (g,l At/V('))<1 O | :J-dGi,j

The new equation is the governing equation of the DSMC
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The splitting scheme of DSMC
t<z<t+At,1=1,M
Flo(t+0,r",Cc”)=F , (tr,Cc"), rebD®cR?®
oF o (tr".CV) 1
ot A
Foo (t+0,r0,CV) = F7, (t+At, r('),C(')),
(tr®,c®) W oFy, (tr,cV) re DY

" i=1 or
F, (t+At,r,C) Z o (t+at,r®,cv)
I

F o (t+at,r® <c”) | R (t+Atr,C)dr, reDcR®

0
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oF . (t’a:(l)’C(l)):Qﬁ ) (t, " C(I)) where
QF, (t, r('),C('))z\% > ) {Igi,i [If;(.) (tr®,C)=F (L, r('),C('))]dai,j}

o OXF"  (t,r® c®
) kz(; N()(k! )(vAt)k
)=

G(At)F, (t.r",c?)

Fro (t+atr®,co

Fro(t+Atr®,co

Yanitskiy general
k
= Zﬂ(‘m) =exp| Aty (T-1)] transition operator

k=0

ly =y, Ti,,-w=ijw(ci,0,-) (9;;,0)déde,
ij 4r
Ty= > o,T,y. V= 2. @ VIO

1<i<j<N® 1<i<j<N®
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The general operator final form used for generating of
DSMC collision schemes is given by

o, (T;- |)}

No Time Counter (NTC) ( Graeme Bird, 1986)

G(At)=exp {At

1<i<jsN®

N (N0 1) (o), N (N-1)
max 2 V(|) = 2 Ornax

G, (At) =G (At)
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w collision operat@fasmecmiiorn HAVICA 1 OEPASGBANIIE 34
E

PEMMOHAITHO PA3BUTU HUKALIMOHHW TEXHOJIOTUMN

@, O
T =(1— . JI+—"T”.

a)m ax a)max

MHTEAUTEHTEH PACTEX

It describes exactly the acceptance-rejection procedure
W, = — = %uidii_ ¢ollision probability
(09) 0

4

Nt =[ AV | frac(Atv,, ) = Aty —| Atv,, |

Ny =O[ (N
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An alternative approximation approach to the general transition operator is

developed by Yanitskiy and used by Stefanov, Roohi and collaborators to derive a
group of Bernoulli-trials schemes.

Bernoulli-trials (BT) scheme (Yanitskiy, 1975)

N1 ND

G(at)=[] exp[Ata) (TJ I)]
i=1 =i+l

G, (At):N(f_:1 3 [(1 Atw, )I+Ata)i,j'|'i,j] N =O[(N")ﬂ
i1 j=itl

=Ato, ;, W, ; <1 - collision probability
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KKKKKKKK LUMOHHUM TEXHOMTOrMn

MMMMMMMMMMMMMMMMM MHTEAUTEHTEH PACTEXK

Simplified Bernoulli-trials (SBT) scheme (Stefanov, 2011)

i=1

|\Isel — N(I) -1 O[(N(I))}
Generalized Bernoulli-trials (GBT) scheme (Roohi,
Stefanov et. al., 2018)

0= 01§ e | =

Ngel N N 1
Ger (A H{ Z; ( 'kwi,jm)}|+Z;W(k'kwi,jm)ﬂ,j}
=1 = ]=
. N(l)(N(l)_l) oo
1<N, <NV -1 O[(N“’)] kk_|\|sel(2|\|<'>—NseI —1)(N 1)
kkao, At <1
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EBPOMENCKU CbIO3 LUEHTDBP 3A BbPXOBU NOCTUXKEHUA NO SR e SR Rk

OMEPATWE o)
= MHO®OPMATUKA N UHDPOPMALIMOHHM U

EBPOMMENCKN ®OHL 3A HAYKA NN OBPA3OBAHUE 3A

PEFMOHATTHO PASBUTUIE O R TERaRen MHTEAUINEHTEH PACTE>K

No-time-counter NTC Generalized Bernoulli-trials with
applied to a cell (1) N, =N®-1
(SBT) applied to a cell (1)

Compute Compute
NO(NO-1) F, (c9)
o num max ’
A = > AL AR, N =NO 1
Nsel :L'A%elj
A'Aéel = A%el - Nsel
1. Select a pair (i, j) at random from N® 1. Select first particle in order from the list
particles 1=1...,Ng,; Select second particle

j) at random from (N® —j
(1) (

particles after i, particle in the list

je{i+1..,NO}

2. Accept collision of(i, j)with probability 2. Accept collision (i, j)with probability
W (Z_'ég)];:x and change (c;,C;) to post- W, :k’kWM and  change
collision (c],c’) (c;,c;) to post-collision (cf,c)

Repeat 1and 2 for N, collision pairs Repeat 1and 2 for N, collision pairs

HoBu CKanupyemu anroputMum n npunoxeHus ueHT'bp 3a
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Operator approach applied to the splitting scheme
and hybrid transient adaptive operator

K

K M
st =T Tsv ~ [ T1B(at/ K>[zeg;TTAS<NSe.>j
n=1

n=1 =1
§ | . (n(1))
0 GCS;BT(NseI’At ZTUmaX/U(l),Ar/n(I))I , t()<ne
GGBT—TAS(NseI): ;=1

l, t(I)>nr

Hybrid Transient adaptive TAS algorithm
DSMChybridTAS
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EBPOIMNEUNCKU CBIO3 ATUBHA MPOTFrPAMA
L A L L O R A ORI HAYKA N1 OBPA3OBAHME 3A

EBPOINEVNCKM dOHLO 3A
PEMMOHANHO PASBUTUE KOMYHUKALIMOHHU TEXHOROMIA MHTEAUNEHTEH PACTEXK

Numerical examples:

Homogeneous BKW solution to the unsteady Boltzmann equation

Shoja-Sani, A., E. Roohi, and S. Stefanov, Homogeneous relaxation and shock
wave problems: Assessment of the simplified and generalized Bernoulli trial
collision schemes. Physics of Fluids, 2021. 33(3).
https://doi.org/10.1063/5.0039071

f(v.0)=F (v, &) :(m(lwo)j [1+ ﬁo[mmﬂo) . EDEX'O(_ ML+ f) 2y

27KT 2KT 2 2KT
0 _/lBt
f(vt)=F(.AM) Bt)=1 ﬁf [ipe(xp(_lBt)] (0< B,<2/3)
_an2kT _ P _2(mj”2 KT
2 3nu  3u 3 2 A, (5)

ot o 3( KT jz L+2p(1))
m) 1+ B(1))°
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LUEHTDBP 3A BbPXOBU NOCTUXKEHUA NO
MHO®OPMATUKA N UHDPOPMALIMOHHM U
KOMYHUKALIMOHHW TEXHOTOrMM

=

OMNMEPATUBHAMNPOINPAMA

HAYKA N OBPA3OBAHME 3A
MHTEAUTEHTEH PACTEX
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e heat conductio@f & Parefied gas confined—x

LUEHTIDBP 3A BbPXOBU NMOCTUIKEHWSA NO

sromeqsenween two walls withedfferant temperatures: » osrasosanne sa

S.K. Stefanov, On the basic concepts of the direct simulation Monte Carlo
method, Phys. Fluids. 31 (2019) 067104

Thot
X=L
Heat flux ¢
X=0
Tcora

HoBu CKanupyemu anroputMum n npunoxeHus ueHT'bp 3a
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EBPOMNENCKM CbIO3 UG OPMATUKA Y MHOOPMALIMOHHM n
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EBPOIMENCKUN ®OHL 3A HAYKA N OBPA3OBAHMUE 3A
PEMMOHANHO PASBUTUE KOMYHAKALIOHHI TEXHONOTMA MHTEAUNEHTEH PACTEXK

Heat flux (computed at walls) with constant number of cells between
walls and various total number of simulators in domain (a test with
respect to the Boltzmann-Grad limit with various of simulators per cell)

M N©

r® Qger Qure Qun Samples
(cells) (simulators)
400 200 0.5 1511 1512 1513 500000
400 30 1.0 1514 1514 1515 1000000
400 10 1.0 1522 1501 1487 1500000
400 5 1.0 1536 1439 1430 3000000

HoBu CKanupyemu anroputMum n npunoxeHus ueHT'bp 3a

12/01/2021 BBLPXOBU [OCTMKEHUSA 17



£ Aol -X

- LIEHTBP 3A BbPXOBW MOCTUIKEHMS MO AT I e B O B o
EBPOMNEWCKU CbIO3 MH®OPMATMKA M UH®OPMALIMOHHW U HAYKA ‘VI“OSPA3OBAHI/IEW 3A

EBPOIMNEWNCKN ®OHL 3A
PEMOHANHO PA3BUTUE KOMYHUKALMNOHHUN TEXHOTOrMnM NHTEAUFrEHTEH PACTE>X

Heat flux Q (computed at walls) with various number of cells M between walls and constant total

number of simulators N =12000 ( a test with respect to the limit At — 0,Ar” — 0 and

M .
N=> " Nfixed).

M N M lsgr Lyre Ly

(cells)  (simulators) 0 Qe Qe Qu e ty ty Samples
400 30.0 1.0 1514 1514 1515 1.3 1.0 1.7 1000000
1200 10.0 1.0 1513 1504 1462 1.5 1.2 1.8 1000000
2400 5.0 1.0 1512 1501 1423 1.6 1.4 1.9 1000000
12000 1.0 1.0 1514 1265 1403 2.0 2.0 2.5 1000000
24000 0.5 1.0 1514 2.7 1000000
120000 0.1 1.0 1514 5.6 1000000

HoBu CKanupyemu anroputMum n npunoxeHus LIEHT'bp 3a
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~ UEHTDBHP 3A BbPXOBU MNOCTVMOKEHUA MO
EBBPPC)?!EECT&KQZ'“OﬁF;ga NHO®OPMATUKA N UHPOPMALIMOHHU U
PEMMOHANHO PA3BUTUE KOMYHUKALIMOHHW TEXHOTOrMM

ONEPATUMBHA NPOINTPAMA

HAYKA N OBPA3SOBAHMUE 3A
WHTEAUTEHTEH PACTEXK

Two-dimensional supersonic flow around a cold flat plate at

incidence angle @ Ma=5.0. Kn=0.02

95
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05

y [mfp]
y [mfp]

004 60 8 100 120 140
X mfp]

0 =90° 6 =80° 0 =T75° 0="170°
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EBPOMEACKM Ci03 B e i onerariera nEor A A
EBPOIMENCKM ®OHL 3A KOMYHMKAuVIOHHVITEXHgnorMVI HAYKA N OBPA30OBAHMUE 3A
PEMMOHAITHO PA3BUTUE

WHTEAUTEHTEH PACTEXK

150 150

9.5
8.5
75
6.5
55 100
45
35
25

= SRERE
\ / 1.5
>

y [mfp]

x [mfp]

Uniform grid, 800x800, Hybrid TAS, 400x400
N=35 000 000 N= 350 000
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PEMMOHAJITHO PA3BUTUE

LUEHTDBP 3A BbPXOBU NOCTUXKEHUA NO

NHDOOPMATUKA N UH®OPMALIMOHHMN U
KOMYHUKALIMOHHW TEXHOTOrMM HAYKA N OBPA3SOBAHME 3A

LMIKT -t

OMNMEPATUBHAMNPOINPAMA

MHTEAUTEHTEH PACTEX

10

Al1 NTC uniform grid Ntot=35e6
G DS2V NN adapted grid Ntot=35e6
AI3 hybrid TAS Ntot=0.35e6

Al1 NTC unif. grid Ntot=35e6
i DS2V adapted grid Ntot=35e6

T 1T 111

AI3 hybrid TAS Ntot=0.35e6
10% |
10" |
° r
[$] =
E B
o 0
Z 10° 4
10" |
10-2‘\||\1|\|(|ai>»|\111>s|
0 25 50 75 100 125 150
y [mfp]

Temperature profileT (y) at X=75 Binary collision rate N,/ N, (y)at X=75
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LUEHTDBP 3A BbPXOBU NOCTUXKEHUA NO

EnPAnEnCK onios e ) S e i HAYKA U OBPA3OBAHVE 3A
EBPOTMNENCKU ®OH/, 3A KOMYHUKALIMOHHU TEXHOMOTUU
PEMOHAIHO PA3BUTUE MHTEAUTEHTEH PACTEXK

= A novel non-homogeneous N-particle kinetic equation has been derived. Its
local 3D- character in physical space and 3N- dimensions in velocity space
have required introduction of a randomized model of particle sets in cells of
the mesh covering the computational domain. It has been found that the new
equation asymptotically approximated the Boltzmann equation properties
under specific conditions.

= The general transition operator describing the evolution of the randomized
model during the collision process has been used to proof the derivation of all
known DSMC collision schemes, including the standard NTC, from the
collision operator of the randomized model.

= A new hybrid transient adaptive grid algorithm was created and tested on
several benchmarks problems. The results showed that the hybrid TAS
algorithm keeps accuracy within wide range of the total number of simulators.

HoBu CKanupyemu anroputMum n npunoxeHus ueHT'bp 3a
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Thank you for your attention!
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