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Introduction

* Organic chemical mixtures are among the most persistent environmental
pollutants. Different aromatic compounds such as phenol, cresols, nitrophenols,
benzene, etc. coexist as complex mixtures in wastewaters from petroleum
refineries, coal mining and other industrial chemical sources.

* Biological degradation has recently become a viable green technology for
remediation of organic pollutants in comparison to other chemical and
physical methods.

* We propose a mathematical model for biodegradation of phenol and
4-methylphenol (p-cresol) in a continuously stirred tank bioreactor. The
biodegradation kinetics is described by a sum kinetics with interaction
parameters (SKIP) model and involves inhibition effects.

* The bioreactor model presents an extension of the batch model from
[Yemendzhiev, Gerginova, Zlateva et al, 2008], developed on laboratory

. experiments for degradation of phenol and p-cresol mixture by Aspergillus

O bawamori microbial strain, O LK T
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1. Bioreactor model for phenol and p-cresol degradation

dX
dit) = (u(Spr>Ser) = D)X (1)
ds
%(t) = —kynt(Spn, Ser )X (€) + D (Sgh — Sph(t)) )
dSCT'
dt(t) = —ker (Spn, Ser )X () + D(SS — S ()

u(Sph, SCT) is the specific biomass growth rate , presented by
sum kinetics with interaction parameters (SKIP) model

A Hmax ('ph)Sph
'u(SPh’SCT) = SZ

h
ks(ph) + Sph + ﬁph) + Icr/phScr

HUmax (cr) S cr

SZ
V 4 ks(cr) + Scr + ﬁ + Iph/chph

O ‘ Ier jphy Ipnjcr indicate the degree to which each one of O MKT
L

: p-cresol and phenol affects the biodegradation of the other.

+
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1. Bioreactor model for phenol and p-cresol degradation

dx
dit) = (u(Sprs Ser) — D)X (8)
ds
;Zlht(t) = —kynu(Spn, Ser )X(®) + D (Sgh — ph(t))
dSCT'
dt(t) = —ke 1(Spn, Ser )X(®) + D(SS = S, (D)

X _is biomass concentration [g/dm?3]
Spn is phenol concentration [g/dm?]
Sc is p-cresol concentration [g/dm3]
Sgh is influent phenol concentration [g/dm?3]

S2  isinfluent p-cresol concentration [g/dm3]

-O% D is dilution rate [h™!] — the control parameter O MMKT
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HAYKA N OBPA30OBAHUE 3A

Model variables and parameters

Sgh influent phenol concentration [g/dm?] 0.7
s2. influent p-cresol concentration [g/dm3] 0.3
kpn metabolic coefficient [S,,/X] 11.7
kr metabolic coefficient [S.,./X] 5.8
kion) inhibition constant for cell growth on phenol [g/dm?3] 0.61
kicer inhibition constant for cell growth on p-cresol [g/dm?3] 0.45
Lon jcr interaction coefficient indicating the degree to which phenol 0.3
affects the p-cresol biodegradation
Ier jpn interaction coefficient indicating the degree to which p-cresol 8.6
affects the phenol biodegradation
Hmax(ph) Maximum specific growth rate on phenol as a single substrate [h] 0.23
Umaxpr) Maximum specific growth rate on p-cresol as a single substrate [h] 0.17
6 u kspn) saturation constant for cell growth on phenol [g/dm3] /\“(i 14!(1
& 'ks(cr) saturation constant for cell growth on p-cresol [g/dm3]e O 35

¢dvHaHcKpaH oT OnepaTtuBHa nporpama ,,Hayka v o6pasoBaHue 3a MHTe/MreHTeH pacTex’, cbpuHaHcMpaHa oT EBponeickuaA cbto3 Ypes
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1. Bioreactor model for phenol and p-cresol degradation

Existence and stability of model equilibrium points are investigated in
dependence of the control parameter D >0

* The wash-out equilibrium EOZ(O, Sgh,Sgr) (with X = Q) exists for all D>0.

* There exist values 0 < D, < D, < D, such that two interior (coexistence)
equilibrium points do exist:

E,=E,(D) = (X(2>,5§3,5§?), D € (Dy,Ds)

3 3 3 2
E; = E;(D) = (X®,55),59), D e (0,,D,), S$>52
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1. Bioreactor model for phenol and p-cresol degradation

(1) If D< D, then the equilibrium EOZ(O, Sgh,SCOT) is locally asymptotically
unstable (a saddle).

(i) If D> D, then E, is locally asymptotically stable (a node).

(iii) The interior equilibrium £,, D € (D4, D3), is locally asymptotically unstable
(a saddle).

(iv) The interior equilibrium E,, D € (D4, D,), is locally asymptotically stable.

Two types of bifurcations of the equilibrium points:

« E,(D)) = E;(D,), thus E, and E; undergo a saddle-node bifurcation at D= D,.

» E5(D,) = E, and exchange stability for D> D,, thus E; and E, undergo a

/ 4 transcritical bifurcation at D= D,.
=) <&
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1. Bioreactor model for phenol and p-cresol degradation
Theorem 1.1 (Existence, uniqueness)
Assume that X(0)= 0, $,,(0) =0, 5.-(0) = 0.
(i) If X(0) = 0 then all model solutions tend to the equilibrium point
Eo=(0, S, S&)-
(ii) If X(0) > 0 then (X(¢), Spn(t), Ser(t))> 0 forall £> 0.
(i) All solutions are uniformly bounded for all £= 0 and thus exist for all time ¢

Theorem 1.2 (Global stability results)

(i) For any D € (Dy, D,) and any initial point X(0)> 0, S,,(0) =0, S.-(0) = 0,
the corresponding solution converges asymptotically towards the coexistence
equilibrium £5.

(ii) For any D > D, and any initial point X(0)> 0, S,,(0) =0, 5.-(0) =0,
the corresponding solution converges asymptotically towards the wash-out

_ equilibrium E;=(0, SJp,, S&).
O VKT
www.eutfunds.by

1.12. 2021
2 ¥ MpoeKkT BGO5M20P001-1.001-0003 ,,LleHTbp 32 BbPXOBU NMOCTUREHWA N0 MHGOPMATUKA U MHPOPMALMOHHM U KOMYHUKALMOHHW TEXHO/IOTUK, 9

¢uHaHcHpaH oT OnepaTuBHa nNporpama ,,Hayka n obpasoBaHue 3a MHTe/UreHTeH pacTex, cbpuHaHcMpaHa oT EBpoOnenckmA Cbio3 vpes
EBponeiickunTe CTPYKTYPHU M MHBECTULIMOHHM GOHAOBE.



. HayyHa KoHdepeHuUn ‘
EEPZ%ESE&K:OgFQS y ¢ p Ll, = HAYKA VI OBPA30OBAHUE 3A

rervoratiopazevive | HOBW CKAJIMPYeMM aNropuTmMmu U npunoxkeHma" VHTEAVIFEHTEH PACTEX

1. Bioreactor model for phenol and p-cresol degradation

Numerical simulations confirm the theoretical results.
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2. The bioreactor model involving discrete time delay
ax(¢t)  _
dt =€ DT.“(Sph(t _ T): Scr (t _ T) )X(t - T) o DX(t)
dS,, (t)
—E = it (Syr (8, Sor (D)X () + D (Sph = S,0.(0) @)
dsS., (t)
# = _kcr.u(Sph (t)' Scr (t))X(t) + D(Scor - Scr (t))

The constant T > 0 stands for the time delay in the conversion of the consumed
substrate into viable biomass.

The term e ?% X(t — 1) represents the biomass of microorganisms that

consumes nutrient at time (t — 7) and survives in the bioreactor for t units of
time.

-~ C; Banach space of continuous functions ¢: [-7, 0]>R*

| Initial data for (2) belong to
=)\ O VKT

C3={o = (ox, Ppn ¥cr) € CF X CF x CF}
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2. The bioreactor model involving discrete time delay

Existence and stability of equilibrium points of (2) are investigated in dependence
of D >0and t >0.

Denote

K=t §0=50 _KSO >0

4
kCT'

Sph = SO == KSCT‘ 0.095—_
Her (Ser ) = :u(SO + KScr, Ser ) n‘ogoé

0.085

Forany D > 0 define

I 0.080
min 1
r D) = 1 1 Her (Scr 0.075 ]
Tmin_Tmin( )_Bn D o
- Her (0)
PR = Tr0 (D) = D D Graph of p(S¢r)
I
o\ D) = L Her Ger) KT
& To = TO( ) - 5 D
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2. The bioreactor model involving discrete time delay

Existence and stability of equilibrium points of (2) are investigated in dependence

of D >0 and 7 > 0.

* The wash-out equilibrium EOZ(O, Sgh,Sgr) (with X=0) exists for all D > 0 and
all T > 0.

* There exist two interior (coexistence) equilibrium points:

1) (1
E,=E,(D;7) = (X(l),Szgh),SC(r)), T € (Tomin, Tmax);
E, =E,(D;7) = (X(Z),Szgfl)ﬁc(f)), T € (Tmin» To), Sc(g) > Sc(i);

@ ( -
Splh = Slg)h’ SC‘IL‘) < S(?‘I"i =12

(i) The wash-out equilibrium £ is locally asymptotically stable for 7 > 7, and
locally asymptotically unstable for 7 € (0, 7y);
(if) The coexistence equilibrium £, is locally asymptotically stable for all

e (T To):
& (iii) The coexistence equilibrium £] is locally asymptotically unstable for all

‘ % T € (Trmin Tmax) O KT
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2. The bioreactor model involving discrete time delay

Hopf bifurcations of the locally unstable equilibrium point

E| with respectto 7 >0 s 5,00 T3 73

. — . —

It has been proved that under o 5 T N
certain conditions, a finite '
number of critical points

T; € (Tmin> Tmax ) May exist, .
such that E;(z;) undergoes Hopf 6

bifurcations, and all bifurcating

periodic solutions are unstable.

ETIJ . . . Tmm . . 1; .
9200 9‘400 9600 9800 10000 10200

iﬁo‘ Numerical example O MKT
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2. The bioreactor model involving discrete time delay

Global properties of the solutions
Theorem 2.1
(i) If x(6)=0 forall 8 € [-1,0] then X(t) = 0forall t > 0.

(ii) Let the following inequalities be fulfilled

0<X(0)< DSer (3)
Kertier (0)

Then the solution ®(¢;t) = (X((p; £), Spn(@; t), Scr (@ t)) of (2)
is positive for all t € [—T, +o] and is uniformly bounded.

Theorem 2.2 Let 7 € [7,,;,, To] and @ € C3 be an arbitrary element such

that (3) is fulfilled. Then the corresponding positive solution ®(¢;t) converges
asymptotically towards £,.

Theorem 2.3 Let 7 > 7, and ¢ € C3 be an arbitrary element such that (3) is
7 fulfilled. Then the corresponding positive solution ®(¢;t) converges

. %asymptotlcally towards £. O MKT
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2. The bioreactor model involving discrete time delay

Numerical simulation
Example 1. Transient oscillations as a result of Hopf bifurcations of £}

D=0.0005; t;=10022.86, 7}=10050.78, t;=10084.7, 7, =10113.52
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(X(a),sp,,(o) S,.,(0)) —(0.0003,0.16054,0.03257) 0.000301 {X{o),sp,,{ci) 5.,.(0)) —(0.0003,0.16054,0.03257)
— X - s, s
0.20 1 0.000300 g
___________________ 0.18520354
Le=""7"7"7"7"7 0.000299 |
"E 0.15}| "E
= =o.oo0208|
S S
:Q_: 0.10 :E:
= 20.000297 -
8 8
3 3
o.05| 0.04280176 0.000296 |
0.000295 [ -
0.00 0.00029470 0.00023470
0.000294
o 10000 20000 30000 40000 o 10000 20000 30000 40000
Time [k] Time [&]
D =0.0005, T=10022.86
—0.0005, T—10022.86 (X(0),5,,(0),5.,(0)) =(0.0003,0.16054,0.03257)
(X(D),SP,_(D) S L(0)) =(0.0003,0.16054,0.03257) 0.055
o190 — — - - - — - 5
- Son
0.185[ _ = +0.18520354 o.0s50}|
" o.asof ‘___-"_ w’i
E-,, "-' = 0.045 aene 0.04480176
= - =
‘% 0.175 '¢‘_-- £ et
£ ’1 = _‘____..---
’ g ¥ E o040 e i
& oavo g e
;
2 =
. F;
0.165[, 0.035[¢ 1 L1 K '
: 5
‘ 0.160 L L L L o 10000 20000 30000 40000
E o 10000 20000 30000 40000 Time [#]
Time [k]
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2. The bioreactor model involving discrete time delay

Numerical simulation
Example 2. The global attractors £ (left) and E, (right)

E,=(0,0.7,0.3), £,=(0.02226233088, 0.2915028678, 0.09749714815)

Coneentration [g/em’® ]

D =0.06, 7=T
(X(0),5,,(0),5,,.(0)) =(0.025,0.5,0.09)
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